Part 1

Wednesday, September 9,2020  4:50 PM

What is (Computational) Complexity Theory?
Complexity theory and quantum computing

Computational complexity theory focuses on classifying computational
problems according to their resource usage, and relating classes of
problems to each other. (Wikipedia)

1. Examples of computational problems

1. Multiplication. Given a pair of integers (i, n) as input, compute
their product

2. Factoring. Given a composite number n as input, decompose n into a
product of smaller integers

3. Satisfaction (SAT). Given a set of constraints on a set of Boolean
variables, decide if the constraint system is satisfiable or not
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4. Counting (#SAT). Given a set of constraints on a set of Boolean
variables, compute the number of different solutions to the
constraint system

5. True Quantified Boolean Formula. Given a formula in quantified
propositional logic where every variable is quantified by either
existential or universal quantifiers at the beginning of the formula,
decide if the formula evaluates to true
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Remarks

1. A family of problem instances, indexed by the input size

2. Decision problems, search problems, promise problems Yob\ﬁ m. C”]L

e Decision problem: aset A € 2* where 2 = {0,1} P4 2
3 40
-2 =3 4 0

* Promise problem: disjoint sets Ayg, Ap, S 2°
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2. Computational resources

Time, space, depth, ...
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Computational models

¢ Turing machines
A brief discussion of TMs

Transitionrule §:Q X I' - Q@ X I' X {L,R}
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Configuration of a TM
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b. Current tape content
c. Current head position
e Classical and quantum circuit models
Classical circuits are not necessarily reversible

Uniform circuit family

Efficient computation

Polynomial-time (mathematically simple, model-independent)

3. Pvs NP

¢ P: A promise problem 4 is in P if and only if there exists a polynomial-
time deterministic Turing machine that accepts every string x € Ay,
and rejects every string x € 4,,

¢ NP: Non-deterministic polynomial-time AW‘?’T[HC oﬁwﬂ(u

Non-deterministic transition rule §: Q x I' —» 2@xI*{LR}
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A proof-verification perspective of NP
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4. Church-Turing thesis

A problem is (efficiently) computable by an effective method if and
only if it is (efficiently) computable by a Turing machine.

Quantum computing is a candidate that disproves the extended Church-
Turing thesis

5. Exercise 1
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Let n be a composite number. It is then easy to see that n has a factor at
most /1. Does this fact give us an efficient algorithm for factoring?

. Exercise 2

The decision version of the factoring problem asks if n has a factor less
than k when given (n, k) as input. Show that the factoring problem is
efficiently reducible to this decision version. That is, if there is an
efficient algorithm for the decision version, there is also an efficient
algorithm for the standard version.
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