
QMA: Quantum Merlin Arthur

Definition1.

(Completeness) if 𝑥 ∈ 𝐴௬௘௦ ∩ 𝛴௡ then there exists an 𝑚ሺ𝑛ሻ-qubit 
state |𝜓⟩ such that Prሾ𝑄௡ሺ𝑥, |𝜓⟩ሻ ൌ 1ሿ ൒ 𝑐ሺ𝑛ሻ, and

•

(Soundness) if 𝑥 ∈ 𝐴௡௢ ∩ 𝛴௡ then for all 𝑚ሺ𝑛ሻ-qubit state |𝜓⟩, 
Prሾ𝑄௡ሺ𝑥, |𝜓⟩ሻ ൌ 1ሿ ൑ 𝑠ሺ𝑛ሻ.

•

Let 𝐴 ൌ ሺ𝐴௬௘௦, 𝐴௡௢ሻ be a promise problem and let 𝑐, 𝑠: ℕ → ሾ0,1ሿ be 
functions. Then 𝐴 ∈ QMAሺ𝑐, 𝑠ሻ if and only if there exists a polynomial‐
time	uniform	family	of	quantum	circuits	ሼ𝑄௡: 𝑛 ∈ ℕሽ, where 𝑄௡ takes 𝑛 ൅
𝑚ሺ𝑛ሻ qubits as input for some polynomial 𝑚 and outputs 1 bit, such 
that

The class QMA is defined as QMAሺ2/3,1/3ሻ.

Quantization of both the witness and the circuit

Quantum Cook‐Levin theorem2.

Satisfiability and local Hamiltonian problem

Input: ሺ𝐻, 𝑎, 𝑏ሻ where 𝐻 is a 𝑘-local Hamiltonian, 𝑎, 𝑏 are real 
numbers such that 𝑏 െ 𝑎 ൒ 1/𝑝𝑜𝑙𝑦ሺ𝑛ሻ,

•

Yes	instances: The smallest eigenvalue of 𝐻 is at most 𝑎,•

No	instances: The smallest eigenvalue of 𝐻 is at least 𝑏.•

Definition. A 𝑘-local Hamiltonian 𝐻 is a summation 𝐻 ൌ ∑ 𝐻௝
௠
௝ୀଵ of 

local terms 𝐻௝ acting on at most 𝑘 qubits (out of 𝑛 qubits). The 𝑘-local 
Hamiltonian problem is the promise problem with

A 3-SAT clause as a Hamiltonian term

Theorem. The 𝑘-local Hamiltonian problem is QMA-complete for all 
𝑘 ൒ 2.

Our	discussion	follows	Quantum	NP:	A	Survey

Circuit to Hamiltonian construction

Review of classical Cook-Levin theorem

Simplification: embed input 𝑥 to the circuit

Clock register and computation register

History state |𝜂⟩ ൌ
ଵ

√்ାଵ⎯⎯⎯⎯⎯⎯⎯∑ |்
௧ୀ଴ 𝑡⟩௖௟௢௖௞ ⊗ 𝑈௧ ⋯ 𝑈ଶ𝑈ଵሺ|0௡⟩|𝜓⟩ሻ

Consider Hamiltonian terms

𝐻௜௡ ൌ ∑ |0⟩⟨0|௖௟௢௖௞ ⊗ 𝛱௝
ଵ௡

௝ୀଵ ,

𝐻௢௨௧ ൌ |𝑇⟩⟨𝑇|௖௟௢௖௞ ⊗ 𝛱ଵ
଴,

 െ|𝑡⟩⟨𝑡 െ 1|௖௟௢௖௞ ⊗ 𝑈௧ െ |𝑡 െ 1⟩⟨𝑡|௖௟௢௖௞ ⊗ 𝑈௧
றሻ

𝐻௣௥௢௣
ሺ௧ሻ ൌ

1
2
⎯⎯ሺ|𝑡 െ 1⟩⟨𝑡 െ 1|௖௟௢௖௞ ⊗ 𝐼 ൅ |𝑡⟩⟨𝑡|௖௟௢௖௞ ⊗ 𝐼
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 െ|𝑡⟩⟨𝑡 െ 1|௖௟௢௖௞ ⊗ 𝑈௧ െ |𝑡 െ 1⟩⟨𝑡|௖௟௢௖௞ ⊗ 𝑈௧
றሻ

𝐻௣௥௢௣ ൌ ∑ 𝐻௣௥௢௣
ሺ௧ሻ்

௧ୀଵ .

The Hamiltonian corresponding to the circuit is 𝐻 ൌ 𝐻௜௡ ൅ 𝐻௢௨௧ ൅
𝐻௣௥௢௣, and we set 𝑎 ൌ 1/𝑇ଵ଴ and 𝑏 ൌ 1/4ሺ𝑇 ൅ 1ሻଷ.

Completeness. Easy to check!1.

Soundness. If 𝑥 ∈ 𝐴௡௢, the Hamiltonian 𝐻 has energy at least 𝑏2.

Analyse the spectrum of 𝐻௜௢ ൌ 𝐻௜௡ ൅ 𝐻௢௨௧ and 𝐻௣௥௢௣•

Consider the ground spaces 𝑁௜௢ and 𝑁௣௥௢௣ of 𝐻௜௢ and 𝐻௣௥௢௣

respectively
•

𝐻௜௢ is a projector, the second eigenvalue is 1a.

𝐻௣௥௢௣ has a special form under the conjugation of 𝑅 and the 
second eigenvalue is at least 1/2ሺ𝑇 ൅ 1ሻଶ

b.

have a noticeable angle 𝜃 with sinଶሺ𝜃/2ሻ ൒ 1/2ሺ𝑇 ൅ 1ሻc.

Define 𝑅 ൌ ∑ 𝑈௧
்
௧ୀ଴ ⋯ 𝑈ଵ ⊗ |𝑡⟩⟨𝑡|•

From 𝑂ሺlogሺ𝑇ሻሻ-local to 5-local

Proof

Error reduction for QMA3.

Standard error reduction: requires multiple copies of the quantum 
witness state

•

Strong error reduction: a single copy of quantum witness state suffices•

QMA (local Hamiltonian problem) and optimization1.

Maximize: trሺ𝐻𝜌ሻ
Subject to: 𝜌 is semidefinite positive and trace 1

Discussions4.
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1-D local Hamiltonian problem○

Circuit non-identity○

Density matrix consistency / N-representability○

Other complete problems for QMA2.

Variants of QMA3.

Exercise 55.

Prove that the local Hamiltonian problem is in QMA.

Exercise 66.

For which circuit is the EPR state 
|଴଴⟩ା|ଵଵ⟩

√ଶ⎯⎯⎯⎯⎯⎯⎯⎯⎯a history state? Write down 

the Hamiltonian for this circuit and check that the EPR state is the 
ground state of that Hamiltonian.

Research Problem7.

Understand the relation of QMA and its variants QCMA, QMAଵ, QMAሺ2ሻ.
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