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1. Definition /: W
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Let A = (Ayes, Ano) be a promise problem and let ¢, s: N — [0,1] be

functions. Then A € QMA(c, s) if and only if there exists a polynomial-

time uniform family of quantum circuits {Q,,: n € N}, where Q,, takes n +

m(n) qubits as input for some polynomial m and outputs 1 bit, such

that % 61[(/*,1

* (Completeness) if x € Ayes N 2™ then there exists an m(n)-qubit @
state |¢) such that Pr[Q,(x, [¢)) = 1] = c¢(n), and I’Uf> - o h

e (Soundness) if x € Ay, N 2™ then for all m(n)-qubit state |Y),
Pr{Qn(x, [¥)) = 1] < s(n).

The class QMA is defined as QMA(2/3,1/3). - proof Vw’f‘c"*m
. non— defernu psw

Quantization of both the witness and the circuit

P NP
2. Quantum Cook-Levin theorem B&P QUA
q M«»@)@p

Satisfiability and local Hamiltonian problem

- ) L : . em oy H®T
Definition. A k-local Hamiltonian H is a summation H = ijl H; of )
local terms H; acting on at most k qubits (out of n qubits). The k-local
Hamiltonian problem is the promise problem with 10)

|
e [nput: (H, a, b) where H is a k-local Hamiltonian, a, b are real H [ 0]

numbers such that b — a = 1/poly(n),
e Yes instances: The smallest eigenvalue of H is at most a,

e No instances: The smallest eigenvalue of H is at least b.
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A 3-SAT clause as a Hamiltonian term 0O © |

Theorem. The k-local Hamiltonian problem is QMA-complete for all
k = 2.

Our discussion follows Quantum NP: A Survey
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Circuit to Hamiltonian construction

X 0]
Review of classical Cook-Levin theorem )(/J>_ H — | UX
Simplification: embed input x to the circuit
Clock register and computation register
) 1
History state [7) = <= %7_o | t)ctock ® U+ Uz U1 (10™)]h))
Consider Hamiltonian terms @w\/w& check ’tLIQ ?%Paﬁﬂﬁ(oh Of
gpawtusn computackin“locally '
Hin = ?:1 [0)0]ciock ® mt,

Hout = |TXT |ciock @ 17, /G/%i> :é”OO“D> i/ “/>)
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H}S?Dp = E(It - 1><t - 1|clock R+ |t><t|clock 1
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—1EE = Uetoek ® Uy = [t = It lctock ® U FYHh

t
Hprop = Z{=1Hz(7r)op'

The Hamiltonian corresponding to the circuitis H = H;;, + Hyye +
Hyrop, and we seta = 1/T* and b = 1/4(T + 1)3.

Proof

1. Completeness. Easy to check!

2. Soundness. If x € A,,,, the Hamiltonian H has energy at least b

NG (U AN TvTm Yy

Hio HP"’F
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* Analyse the spectrum of Hy, = H;;, + Hpy and Hprop
0 6]
* Consider the ground spaces N;, and Npqp 0f Hy, and Hyrop ~
respectively hst well W*d-
. 2
« Define R = ¥T_o U, - Uy @ [t)(t] )lMln (Hlo < Hmf’) 22 Sin (@ﬁ)

a. H;, is a projector, the second eigenvalue is 1

b. Hyyop has a special form under the conjugation of R and the
second eigenvalue is at least 1/2(T + 1)

c. have a noticeable angle 8 with sin?(6/2) = 1/2(T + 1)

From O (log(T))-local to 5-local

For the estimate of Ay 3 we need to find the smallest positive eigenvalue
of the matrix E. The eigenvectors and eigenvalues of E are

|‘¢k) =a’k§°ﬂ$(@k(j+%)) Ij}l A =1—cosq,
i=0

Screen clipping taken: 9/10/2020 12:31 PM

3. Error reduction for QMA

Standard error reduction: requires multiple copies of the quantum
witness state

Strong error reduction: a single copy of quantum witness state suffices

output

Figure 10: Illustration of the strong error reduction procedure for QMA. The circuit Q, represents
a unitary purification of a given QMA verification procedure on an input x, while the circuit C
determines whether to accept or reject based on the number of alternations of its input qubits. The
quantum proof is denoted by p.
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4. Discussions
1. QMA (local Hamiltonian problem) and optimization

Maximize: tr(Hp)
Subject to: p is semidefinite positive and trace 1
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2. Other complete problems for QMA
o 1-D local Hamiltonian problem
o Circuit non-identity
o Density matrix consistency / N-representability

3. Variants of QMA

. Exercise 5

Prove that the local Hamiltonian problem is in QMA.

. Exercise 6

For which circuit is the EPR state |00)\7§|11)

the Hamiltonian for this circuit and check that the EPR state is the
ground state of that Hamiltonian.

a history state? Write down

. Research Problem

Understand the relation of QMA and its variants QCMA, QMA,, QMA(2).
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